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PREFACE 
The desire for more information concerning the roots of 
algebraic equations is never ending. For the special case of 
. 
the quadratic equation, much information may be obtained 
withou~ much difficulty. When the coefficients are real, the 
roots may be either real or complex conjugates. 
The ease under study here is the quadratic equation with 
real coefficients which follow the bivariate normal distribu-
tion. The purpose of this pa.per is to exhibit some of the 
moment values of the marginal probability density functions 
of the roots of this equation. 
Indebtedness is acknowledged to my oollea.guea, Doyle 
. 
MeCown, Fred Turner, and Arthur E. Oldehoeft, for the a.id de-
rived from the use of their programs in the preparation of 
this pa.per. 
I especially wish to thank Dr. John w. Hamblen, who 
. . 
served as my advisor and suggested this topic. Throughout 
the course of my graduate studies he was a constant inspira-
tion and offered invaluable constructive criticism. His as-
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Very little work has been done concerning the problem of 
finding the distributions of roots of algebraic equati.ons 
whose coefficients are random variables. 
CJons ider the polynomial equation 
(1.1) zn-a1zn-1+a2zn-2+•••+(-1)nau=O 
- . 
where the a.Pa.re complex random variables (1.e. the real and 
imaginary parts of the ap have a given join~ probability den-
sity function). The joint p.d.f. of the roots may be found 
since the ap are functions of the zp• Girshiok D ], in his 
note 1n the Anna.ls g! Mathematical Statistics, exhibited this 
function, and. as an example, took the ease where the up and 
the vp are normally and .independently distributed with zero 
means and the same variance ~2. It appears that he was in-
terested in finding"• •• the probability that one or more 
roots of the equation (1.1) will lie in a specified region of 
the complex plane." 
In this paper we shall be concerned solely with the 
quadratic equation with real coefficients which follow the 





has.roots ,.1 and ,,2 which a.re random variables and a.re either 
both real or are complex eonJuga.tes. Various equations nec-
essary in the development of the joint p.d.f. of the roots of 
(1.2) will be given explicitly. Details lea.ding to these 
equations have been omitted sinoe they appear in an excerpt 
from Dr. Hamblen• s Ph •. D. thesis published 1n the A:ml.B.ls .2!, 
Mathematical Sta.t1st.1os [~1· 
The primary- purpose of this pa.per 1.s to find the mean, 
variance, 11, and 12 tor various marginal densities, g1 (v1 IR) 
and s2 (v2 1R), of the real roots of (t.2). In order to do 
this, values,of s1 (v,lR) and s2 (v2 1Rl must first be oaleula~ 
ted for several points. Then, using these values, we will be 
able to calculate values of the mean,, ,ra.riance, .., 1, and 12 for 
ea.oh of these functions by numerical raethoda.-
Attempts will. a.lso be mad.& to reeagn1z:e anr trends whieh 
might appear 1n 1 1 and 12 with reapect to c,hs.nges 1n values 




In the quad.ratio equation of the form 
<2. 1 > ,,2- e1 ,,+ 92=0 
where ~ and ~ are real random variables, we know that the 
roots 111 and "'2 are random variables associated with e1 and 





;, = '11 '*112' ~= 1tt • 112 
IJl=1•<s,,e2) = l11i-:112f=C..,1-,1ta)· 
8("1,1'2> -
Here ~1 and ~2 are either both real or are complex conjugates. 
We shall mean by the probability density function of a 
complex random variable the joint p.d.f. of the real and the 
imaginary parts of the complex variable. We see, therefore, 
that it is necessary to consider the real roots and the com-
plex roots separately, since the joint p.d.f. of the real 
roots is of only two arguments while that of the 09mplex 
roots will be of four. Hence it must be possible to parti-
tion the coefficient plane into two parts--one containing all 
.. 
4 
po :mt s f o:t• whtcl". he roots a. e e m te thr o a ig 
all r lJOints in the ( £1 , ~) plane. 
It is easily seen that all ~oints on the concave side of 
h p ra ol f =f 2 / w· 1 yi o pl x roots while all the 
e i in p in s n h p a.n g V r l 0 ts 
onsid r 0 t 01 t .d.f 
' 
.x, ) ' 0 l1 d .>') 
where f(x,yJ is of the cont :'lm.wu.s type. B~ tr ctr. a ng a ng 
the )arc.bola s --t /4, we obtain conzlitional .d.f. 's relative 
to th hrpothesos s 
( ,. J ,s.'"2 / } nd P ( ) 
r a il t 1 s f e 
2 ) 
n 
>$,2 lli, C:.lld 




f <f2 /4. If 
) , t n ( ) 
pl X 0 s r 
) y X 
(2.5) P(C) \\ 2 f(x,y) dy dx, 
· YL,4 . 
we let P(R)= 
n-" '... .. :'l P(C) are the 
sp ct V y e 
wI1ere (R} +P( C 1='1 • BE:cause of his rel i ns i:P w c s e 
only the conditional .d.f. given by 
2 ) I X I · <J 2 A £/ X . ,r L J )= (x YI - 14 · -n ~ 
· .I;\lcJ 
Fo;2 l;.2 <~f I l+, the roots o ( • 1 ) are and have a 
j in p d o 'lh · ch is uc · q 1 te '"\~linec.1 b' t,he . oint p.d 
0 t e 0 f 1 t e 11 1 t g' 1 2 'R) de 
n te th ,; 1 ~ od.f. of t a r ot w e 0 ( )~ • Th 
ftn1ctions ,., 2) \.;:,. and . ( ,., I • ) J S0.tisfy · e su fic:lent 0 1 
f. 
tions for a chanse of variables continuous type density 
5 
function. Hence 
f'or all v 1 ~ 2 and O<P(R).:S.1, where ljl=Cv1-v2 ). [3] 
' . 
If now we let s1 (v1 IR) and s2 (v2 1R) be the marginal den-
. . 
aity functions of the real roots 'l1t and "2' we have 
(2.8) s1 (v1 IR)= i 1 g(v1 ,v2 lR)dv2 , for all v 1, 
. -ro . 
and 
(2,9) e;2 (v2 IR)=.C:s<v11 v2 IR)dvp for all v2 • 
We now consider the bivariate·nornial distribution which 
is given by 
f'(x,y) 
where -ro<x,y<ro. 
Eliminating the details and writing down directly the 
equaitions defining P(R), s1 (v 1 IR) a.nd s2 (v2 IR), we have 
.. . 
. .a> r ec u > . 1 (2.10) P(R)=J_ooJ_oo (211)-l exp [- ~(t2+u2~] dt du· 
· where e (u)={H .-1 u+'i )2-4'21 /4'2_-pU }/ J1-p2 
(2.11) S1 Cv1 {R)=("1 (v1-.v2) .· '·. exp {- 1 
J_CD 2ilcr1o-2V1-:-:P~·P(R) 2(1-p2) 
[mf(v1 )·v~-2m1 (v1 )•m2 (v1 )·v2 +m3 (v1)]} dv2 
and 
(2. 12) 500 . _ ( V 1 -V ) · {' 1 g2 (v2 JR)= > g. _ exp - ----.. ...... 
· . v22rr~1r 2J1-p2•P(R) · 2(~-p2) 
[mf(:2 )•vf-2m1 (v2 )•m2{v2 )·~1-i·m3 (v2 )J} dv1 . 
mf (v1 )=(v1/Qr2-p/<r1 )2+(1-p2)/~, . . where 
-- .. 
m1 (v1 )•m2(v, )=pvf/.~1 ~2-(1/«r~+p~/ °itr,2-P.2/~) 
. 2 . 
+ ( P:1 I ir1 - r P2/ «1 0-2 > ,. .. 
and m3 (v1 >=(v1/v1- ~/v1 +p~/Q"2 >2 +(1-p2 ) ~/u~. [31 
Values of (2.10), which are given in Table I, were com-
puted using the program written by Mr. McCown [4]. 
· Table II contains values of the functions (2.11) and 
6 
(2 .12) for various combinations of the parameters lh, ~, .Q"1 , 
!li2 , and p. A program writ ten by Mr. Turner [ 5] was used in 
computing these values. 
Now to more completely describe the distributio~s of tpe 
roots of the quadratic equation for given values of the para-
meters JJ.1 , ~, «T1 , w2 , and p, we cal c.ula te the mea.il., variance, · 
11, and y2 where, for a p .. d.f. g(v), these are given by 
(2.13) Jil~cl' vg(v)dv (Mean) 
. Ja 
(Variance) 
r1>· 3 (2.15) 11:3=Ja{v:111 ) g(v)dv ( Third Central Moment ). 
(2,16) ~a=f (v~Ji.i )4g(v)dv (Fourth Central Momen~) 
. ·/·, 
7 
(2.17) (Measure of Bk~wness) 
(Measure of Kurtosis) 
Approximate values of the functions {2.1 ]) , (2.14), (2.17), 
• " - + T _. 
and (2.18), for each func-tlon s1(v1 IR) and g~(v21R) listed in 
. . . 
Table II, are given in Table III for reference under the 
headings of v, .-;., 11, ,and 12~ -~especti~ly. 
The pro3ram used in computing these values was written 
by Mr. Arthur E. Oldehoeft and is 1n the files of the Okla-
,\ 




In Table III are listed approximate ·values of I', 1'-, )'1 , 
and Y2 for each function given in Table II. Should more ac-
curacy be desired, the program which computes g(v) may be re-
run using a smaller increment for the abscissa, v. This then 
will give more values of the function g(v), which may be used 
in the program which computes values of the moments. 
The values given for the moments are meant as aids in 
mentally picturing the functions and also ai~s 1n perhaps 
recognizing certain trends in 11 and , 2 with respect to chang-
es in the parameters of g(v). 
On inspection of the functions g1 (v1 1R) and g2 (v2 1R1 we 
find that for the set of parametere tt,-=P.2=0 and ~ =v2=1, a 
reflexive property exists. That is, g1 for pis the mirror 
image of g2 for -p. This symmetry is due to the fact tl}.at 
s1 (v 1 f R; J£1 , '2' .-1 , .-2 ,p )=g2 (-v2 IR; p.1 ,,.2 , .. 1 , cr2,- p) and v 1 =-v2 
-
since n(x,y; p.1 , p.2, ~, v2, p )=n(-x,y ;--, , , 2 , .-1 , v2,-p) • 
In studying Table III, it is found that for the set of 
parameters ', = "2 =O, and .-1 =r 2 =1 , the symmetry., which is ex-
pected, is not easily recognized. This apparently is due to 
the accumulation of error in the calculations of s1 and g2 
and to the fa.ct that these functions were calculated for 
8 
9 
different sets of points. Also 1n these calculations no at-
tempt was made to find the critical values of the functions 
g1 and g2 • '!hus, the faot that a relative maximum or mini~um 
might appear at different points for g1 and s2 could easily 
account for the poor symmetry. 
Symmetry is also evident between g1 of s.eotion ( e) and 
g2 of section (f) of Table III. However, the same difficulty 
encountered before exists for s2 of section (e) and g1 of 
section (f). Even though these discrepancies exist, much in-
formation is available if reference is made to Table III. 
In the oases considered, the moment values seem to indi-
cate that the functions are well behaved when I pj .s..6 and in 
most instances for all p. 
After correcting the graphs of g1 and g2 given in Dr. 
Hamblen's dissertation on pages 178-189, it was noted that in 
the majority of the cases the curves appeared to be of Pear-
son's Type III, and in many instances close to the normal 
curve [3J. No special attempt was made, however, to classify 
the curves precisely. Should anyone desire more accurate 
classificatio~s, the problem is not difficult, but should 
certainly be interesting. 
Of course, much more work can be done towards exploring 
the properties of the distributions roots of algebraic equa-
tions with random coefficients. In particular, for the case 





Numerical methods or integration were employed for the 
calculations of the functions {2.10) through (2.18). The 
I.B.M. 650 Computer in the Computing Center of Oklahoma State 
University was used to carry out the computations which 
otherwise would have been virtually impossible. In all 
cases, Simpson's one-third rule for iftegration was employed 
and it proved very satisfactory for the problem at hand. 
t 
For P{R), evaluation was carried out between the limits 
of -4 and +4 with an increment or integration of one tenth, 
and the results are believed to be oorreot to six decimal 
places. Dr. John W. Hamblen [31, working with the Data.tron 
205 in the Statistical Laboratory at Purdue University, com-
puted the same values using an increment or one eighth. In 
most instances, the two sets of answers agree to four deoi-
mals. 
In the case of the functions (2.11) and (2.12), some 
discrepancies were noted when the results were compared with 
those computed by Dr. Hamblen [3]. Values which he computed 
for s1(v1 IR) and g2{v2 IR) yielded two modes in some case~, 
while all values listed in Table II for a. particular g(v) de-
fine a one moded function. It is believed that these 
10 
11 
differences a.re due to the different methods used 1n ca.lcu-
la.ting the functional values. Dr. Hamblen, in his ca.lcula.-
tions, used a. fixed number of points, while the values in 
Table II were attained using a fixed increment for the varia-
ble. Since in the former method the increment would vary, 
the values in Table II a.re presumably more aooura.te. 
For the functions (2.13), (2.14), (2.17), and (2.18), 
, . ~ 
values of the argument, v, were entered as seven decimal 
numbers and values of the function, g(v), were entered as 
four decimal numbers. Hence the accuracy afforded is rather 
limited. Results for these functions were given as follows: 
~1 with nine decimals, ~2 with seven decimals, ~3 with six 
decjJna.ls, ~4 with five decimals, and Y1 and 12 with ten deci-
mals. 'These figures were then rounded to the decimals given 
in Table III since they were believed no more accurate. 
Several of these values were checked on a calculator and 
they a.greed wi'th the computed values to at lea.st three deci-
mals for~ and ·-2 and to at lea.st two decimals for 11 and 12• 
However, this accuracy affords a. good description of the 
functions g1(v1JR) and s2 (v2 1R) without the aid of graphs. 
TABLE I 
80:ME VALUES OF P(R) WHEN f(x.,y) 


























(b) u =3, µ =10, a =1, ~2=2 r1 · 2 1 
p P(R) 
.9 .000000 038 
.8 .000000 145 
.6 .000016 193 
.4 .000287 593 
.2 ,.001330 776 
O .003442 998 
- • 2 • 006607 5t34 
-.4 .010644 829 
-.6 .015334 075 
-.8 .020473 837 
-.9 .023159 727 
(c) µ 1=10, µ 2=10, w1=1, a 2=1 
p P(R) 
.9 .999927 077 
.8 .999927 076 
.6 .999925 869 
.4 .999910 908 
• 2 .-999856 954 
0 .999739 182 
-.2 .999537 933 
-.4 .999238 792 
-.6 .998831 233 
-.8 .998308 239 
-~9 .998001 111 
12 
TABLE I (Continued) 
-(d) P.1=3, "2=3, tr1=1, '2=1 
p P(R) 
" 
.9 .217763 433 
.8 .259344 349 
.6 .305742 576 
.4 .330835 569 
.2 .346779 452 
0 .357913 221 
-.2 .366174 368 
-.4 .372566 449 
-.6 .377666 756 
-.8 .381832 584 
-.9 .383642 231 
(e) p.1=10, .-,2=3, v1=2, ... 2=1 
p P(R) 
.9 .999927 075 
.8 .999926 236 
.6 .999894 589 
.4 .999776 183 
.2 .999545 419 
0 .999194 152 
-.2 .998720 736 
-.4 .998126 596 
-.6 .997415 086 
-.8 .996590 605 
-.9 .996126 301 
(f) ... ,=-10, ~2=3, .. ,=2, '2=1 
p P(R) 
.9 .996126 301 
.8 .996590 605 
.6 .997415 086 
.4 .998126 596 
·• 2 • 998720 736 
0 .999194 152 
-.2 .999545 419 
-.4 .999776 183 
-.6 .999894 589 
-.8 .999926 236 




ORDINATES OF s1(v1IR) AND s2(v2IR) WHEN f(x,y) IS THE BIVARIATE NORMAL 
1. s1 (v1 1R) 
P.2=0, .-1 =1, v2=1 
P=+.9 p=+,8 P=+.6 
v1 S1 V1 S1 V1 St 
-1.8 0.0000 -1.8 0.0000 
-1 .8 0.0000 
-1.3 0.0000 -1.3 0.0000 
-1..3 0.0000 
-o.a 0.0000 -0.8 0.0000 
-o.8 0.0004 
-0.3 0.0051 -0.3 0.(>183 
-0.3 0.0448 0.2 o.4622 0.2 o.4738 0.2 o.4735 0.1 1.7276 0.7 1 .3543 0.7 0.9865 1.2 0.0327 1 • 2 0.1815 1.2 0.38~4 1.7 0.0035 1.7 0.0225 1. 7 0.0906 2.2 0.0012 2.2 0.0046 2.2 0.0199 2.7 0.0003 2.7 0.0009 2,7 0.0038 3.2 0.0000 3.2 0.0001 3.2 0.0006 3.7 0.0000 3.7 0.0000 3,7 0.0001 4.2 0.0000 4.2 0.0000 4.2 0.0000 4,7 0.0000 4.7 0.0000 4.7 0.0000 
p=+.4 p=+.2 p=O 
Vt S1 Vt S1 Vt 51 
-1.8 0,0000 -1.8 0.0000 
-1.8 o.oeoo 
-1.3 0.0000 -1 .3 0.0000 
-1 .3 0.0001 
-o.a 0.0017 -o.a 0.0042 
-0.8 0.0075 
-0.3 0.0679 -0.3 0.0878 
-0.3 0.1043 0.2 o.4587 0.2 o.4367 0.2 o.4103 
0.7 0.8029 0.7 0.6903 0.7 0.6133 
1 • 2 o.4549 1.2 o.4767 1.2 0,4798 
1.7 0.1585 1.7 0.2116 1.7 0.2508 2.2 0.0436 2.2 0.0704 2.2 0.0972 2.7 0.0097 2.7 0.0182 2.7 0.0289 3.2 0.0017. 3.2 0.0037 3.2 0.0066 3,7 0.0002 3.7 0.0006 3.7 0.0012 4.2 0.0000 4.2 0.0001 4.2 0.0002 
4.7 0.0000 4.7 0.0000 4.7 0.0000 
15 
TABLE II (Continued) 
p=-.2 p=-.4 p=-.6 
V1 81 V1 51 v1 51 
-1 .8 0.0000 -1.8 0.0000 -1.8 0.0000 
-1.3 0.0002 -1.3 0.0005 -1 .3 o.oou, 
-o.a 0.0117 -o.8 0.0162 -0.8 0.0198 
-0.3 0.1164 -0.3 0.1213 -0.3 0.1127 
0.2 0.3809 0.2 0.3489 0.2 0.3144 
0.7 0.5579 0.7 0.5181 0.7 o.4921 
1.2 o.4765 1.2 o.4723 1.2 o.4112 
1.7 0.2801 1.7 0.3032 1.7 0.3241 
2.2 0.1225 2.2 0.1462 2.2 0.1693 
2.7 0.0409 2.7 0.0540 2.7 0.0682 
3.2 0.0105 3.2 0.0154 3.2 0.0213 
3.7 0.0021 3.7 0.0034 3.7 0.0052 
4.2 0.0003 4.2 0.0006 4.2 0.0010 
4.7 0.0000 4.7 0.0001 4.7 0.0001 
p=-.8 P=-.9 





-a.a o.,n 60 
-o.a 0.0055 
-0.3 0.0749 
-0.3 0.0345 0.2 0.2769 0.2 0.2569 0.7 o.4837 0.7 o.4902 1.2 o.4804 1.2 o.4940 1. 7 0.3490 1.7 0.3673 2.2 o. 1949 2.2 0.2113 
2.7 0.0846 2.7 0.0947 3.2 0.0286 3.2 0.0333 3.7 0.0075 3.7 0.0091 4.2 0.0015 4.2 Q.,0019 
4.7 0.0002 4.7 0.0003 
16 
TABLE II (Continued) 
(b) P.1 =3, p. 2:::10, .. 1 =1 , .. 2=2 
p=+.4 p=+.2 
V1 S1 v1 S1 
1 • 1 0.0020 1 • 1 0.0004 
1.5 0.0074 1.5 0.0030 
1.9 0.0275 1.9 0.0187 
2.3 0.0971 2.3 0.0915 
2.7 0.2796 2.7 0.2949 
3.1 0.5491 3.1 0.5553 
3.5 o.6699 3.5 0.6238 
3.9 0.5323 3.9 o.4785 
4.3 0.3074 4.3 0.2805 
4.7 0.1387 4.7 0.1326 
5.1 0.0507 5.1 0.0519 
5.5 0.0153 5.5 0.0170 
5.9 0.0038 5.9 0.0047 
6.3 0.0008 6.3 0.0011 
6.7 0.0001 6.7 0.0002 
p=O P:::- .2 
V1 S1 Vt 81 
1.1 0.0001 1 • 1 0.0000 
1.5 0.0010 1.5 0.0003 
1.9 0.0110 1.9 0.0054 
2.3 0.0770 2.3 0.0599 
2.7 0.2883 2.7 0.2731 
3.1 0.5471 3.1 0.5322 
3.5 0.6035 3.5 0.5885 
3.9 o.4701 3.9 0.4716 
4.3 0.2880 4.3 0.3032 
4.7 o. 1451 4.7 0.1625 
5.1 0.0613 5.1 0.0739 
5.5 0.0220 5.5 0.0288 
5.9 0.0067 5.9 0.0096 
6.3 0.0018 6 .. 3 0.0028 
6.7 0.0004 6.7 0.0007 
17 
TABLE II (ContinuEtd) 
p=-.4 p=-.6 
v, g1 V1 e;, 
1 • 1 0.0000 1 • 1 0.0000 
1.5 0.0000 1.5 0.0000 
1.9 0.0019 1.9 0.0003 
2.3 0.0425 2.3 0.0252 
2.7 0.2551 2.7 0.2375 
3.1 0.5148 3 •. 1 0.4969 
3.5 0.5744 3.5 0.5606 
3.9 o.4746 3.9 o.4767 
4.3 0.3193 4.3 0.3342. 
4.7 0.1812 4.7 0.1995 5.1 0.0881 5.1 0.1028 
5.5 0.0369 5.5 0.0460 
5.9 0.0134 5.9 0.0179 
6.3 0.0042 6.3 0.0061 
6.7 0.0011 6.7 0.0018 
p=-.8 p=-.9 
Vt 81 Vt g1 
1 • 1 0.0000 L, 1 0.0000 
1.5 0.0000 1.5 0.0000 
t.9 0.0000 1.9 0.0000 
2.3 o. 0087 2.3 0.0020 
2.7 0.2226 2.7 0.2178 
3.1 o.4789 3.1 o.4700 
3.5 0.5465 3.5 0.5395 
3.9 0.4770 3.9 0.4770 
4.3 0.3470 4.3 0.3526 
4.7 0.2166 4.7 0.2247 
5.1 0.1176 5.1 0.1249 5.5 0.0558 s.s 0.0608 
5.9 0.0232 5.9 0.0260 
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TABLE II (Continued) 
p=-.2 P=- .4 P=-.6 
v1 g1 Vt g1 v1 g1 
3.2 0.0000 3.2 0.0000 3.2 0.0000 
4.0 0.0006 4.0 0.0007 4.0 0.0009 
4.8 0.0026 4.8 0.0033 4.8 0.0040 
5.6 0.0112 5.6 0.0129 5.6 0.0145 
6.4 0.0418 6.4 0.0448 6.4 0.0475 
7.2 o. 1215 7.2 0.1240 7.2 0.1260 
e.o 0.2498 e.o 0.2467 a.o 0.2453 
a.a 0.3367 8.8 0.3319 8.8 0.3266 
9.6 0 .. 2832 9.6 0.2799 9.6 0.2719 
10.4 0.1468 1 o.4 0.1516 10.4 0.1569 
11.2 0.0439 11.2 0.0455 11.2 0.0469 
12 .. 0 0.0076 12 .. 0 0.0089 12.0 0.0104 
12.8 0.0008 12.8 0.0009 12.8 0.0010 
13.6 0.0000 13.6 0.0000 13.6 0.0001 
p=-.8 p=-.9 
V1 g1 Vt g1 
3.2 0.0000 3.2 0.0000 
4.0 0.0011 4.0 o.0012 
4.8 0.0047 4.8 0.0048 
5.6 0.0163 5.6 0.0167 
·6.4 0.0488 6.4 0.0461 
7.2 0.1280 1.2 0.1274 a.o 0.2545 a.o 0.2725 
8.8 0.3275 8.8 0.3216 
9.6 o.2443 9.6 0.2171 
10.4 0.1602 10.4 0.1394 
11 .2 0.0514 11.2 0.0570 
12.0 0.0102 12.0 0.0077 12.a 0.0011 12.e 0.0011 
13.6 0.0001 13.6 0.0001 
20 
TABLE II (Continued) 
(d) 
"1 =3, 1'2=3, .. 1 =1' O" 2=1 
p=+.9 p=+.8 p:::+.6 
v1 S1 V1 S1 v, S1 
-0.2 0.0003 -0.2 0.0001 -0.2 0.0000 
0.3 0.0056 0.3 0.0027 o.3 0.0010 
o.8 0.0083 o.a 0.0098 0.8 0.0063 
1.3 0.0144 1.3 0.0359 1 .3 0.0407 
1.8 0.1376 1.8 0.2000 1.8 0.2167 
2.3 0.5547 2.3 0.5282 2.3 0.4928 
2.8 0.5926 2.8 0.5511 2.8 0.5247 
3.3 0.3923 3.3 0.3753 3.3 0.3808 
3.8 0.1920 3.a 0.1909 3.8 0.2089 
4.3 0.0721 4.3 0.0747 4.3 0.0889 
4.8 0.0210 4.8 0.0227 4.8 0.0295 
5.3 0.0047 5.3 0.0054 5.3 0.0076 
5.8 0.0008 5.8 0.0010 5.8 0.0015 
6.3 o. 0001 6.3 0.0001 6.3 0.0002 
6.8 0.0000 6.8 0;.0000 6.8 0.0000 
p=+.4 p:::+. 2 p:::O 
Vt S1 V1 S1 V1 S1 
-0.2 0.0000 -0.2 0.0000 
-0.2 0.0000 0.3 0.0004 0.3 0.0001 0.3 0.0000 
o.8 0.0035 o.8 0.0017 o.8 0.0007 1.3 0.0334 1.3 0.0250 1.3 0.0174 1.8 0.2034 1.8 0.1860 1.8 0.1690 2.3 o.4638 2.3 o.4384 2.3 o.416:; 2.8 0.5121 2.8 0.5006 2.8 o.4891 3.3 0.3939 3.3 o.4048 3.3 o.4125 3.8 0.2316 3.8 0.2526 3.8 0.2710 4.3 0.1061 4.3 0.1238 4.3 0.1409 4.8 0.0381 4.8 0.0478 4.8 0.0581 5.3 0.0107 5.3 0.0145 5.3 0.0189 5.8 0.0024 5.8 0.0035 5.8 0.0049 6.3 0.0004 6.3 0.0007 6.3 0.0010 6.8 0.0001 6.8 0.0001 6.8 0.0002 
21 
TABLE II (Continued) 
p=-.2 p=-.4 p=-.6 
V1 g1 V1 g1 V1 g1 
-0.2 0.0000 
-0.2 0.0000 -0.2 0.0000 
0.3 0.0000 0.3 0.0000 0.3 0.0000 
o.s 0.0002 o.8 0.0000 o.8 0.0000 
1.3 0.0109 1.3 0.0056 1.3 0.0018 
1.8 0.1532 1.8 0.1386 1.8 o. 1252 
2.3 _0.3968 2.3 o.3796 2.3 0.3645 
2.8 o.4774 2.8 o.4661 2.8 o.4550 
3.3 o.4172 3.3 o.4196 3.3 o.4206 
3.8 0.2865 3.8 0.2996 3.8 0.3104 
4.3 o.1569 4.3 0.1717 4.3 0.1855 
4.8 0.0685 4.8 0.0791 4.8 0.0895 
5.3 0.0238 5·.3 0.0291 5.3 0.0348 
5.8 0.0066 5.8 0.0085 5.8 0.0108 
6.3 0.0014 6.3 0.0020 6.3 0.0027 
6.8 0.0002 6~8 0.0004 6.8 0.0005 
p=-.8 p=-.9 
Vl g1 V1 g1 
-0.2 0.0002 
-0.2 0.0000 
0.3 0.0000 0.3 0.0000 
o.8 0.0000 o.e 0.0000 
1.3 0.0001 1.3 0.0000 
1.8 o. 1131 1.8 0.1084 
2.3 0.3508 2.3 0.3444 
2.8 o.4442 2.8 o.4390 
:;.:; o.4197 3.3 o.4197 
3.8 0.3193 3.8 0.3251 
4.3 0.1979 4.3 0.2020 
4.8 0.0997 4.8 0.1022 
5.3 0.0407 5.3 0.0426 
5.8 0.0135 5.8 0.0150 
6.3 0.0035 6.3 0.0044 
6.8 0.0007 6.8 0.0009 
22 
TABLE II (Continued) 
(e) 1'1=10, "2=3, tr1=2, •2=1 
" 
p=+.9 P=+.8 p:+.6 
V1 S1 V1 S1 V1 S1 
1.0 0.0000 1.0 0.0000 1.0 o.;oooo 
2.0 0.0001 2.0 0.0001 2.0 0.0001 
3.0 0.0005 3.0 0.0006 3.0 0.0008 4.o 0.0028 4.0 0.0031 4.o 0.0036 
s.o 0.0114 s.o 0.0120 s.o 0.0130 
6.o 0.0339 6.o 0.0354 6.0 0.0366 
7.0 0.0808 1.0 0.0810 7.0 0.0808 
8.o 0.1554 8.0 0.1446 a.o 0.1398 
9.0 0.2286 9.0 0.2015 9.0 0.1895 
10.0 0.2476 1 o.o 0.2173 10.0 0.2015 
11. 0 0.1928 11. 0 0.1804 11 .o 0.1679 
12.0 0.1072 12.0 0.1148 12.0 0.1095 
13.0 0.0434 13.0 0.0559 13.0 0.0558 
14.0 0.0133 14.0 0.0207 14.o 0.0222 
15.0 0.0033 15.0 0.0059 15.0 0.0069 
16.0 0.0007 16.0 0.0013 16.0 0.0017 
p=+.4 P=+.2 p=O 
v, St V1 S1 v1 S1 
1.0 0.0000 1.0 0.0000 1.0 0.0000 
~.o 0.0002 2.0 0.0002 2.0 0.0002 
3.0 0.0010 3.0 0.001:3 3.0 0.0015 
4.o 0.0042 4.o 0.0047 4.0 0.0053 
s.o 0.0139 5.0. 0.0149 5.0 0.0158 6.o 0.0377 6.o 0.0387 6.0 0.0397 
7.0 0.0812 1.0 0.0815 7.0 0.0820 
a.o 0.1385 a.o 0.1373 a.o 0.1365 
~.o 0.1860 9.0 0.1834 9.0 0.1817 
10.0 0.1967 10.0 0.1938 10.0 0.1922 
11 .o 0.1633 11. 0 0.1609 11.0 0.1600 
12.0 o. 1061 12.0 0.1043 12.0 0.1036 
13.0 0.0538 13.0 0.0524 13.0 0.0519 
14.o 0.0212 14.0 0.0204 14.0 0.0203 
15.0 0.0065 15.0 0.0061 15.0 0.0062 
16.0 0.0015 16.0 0.0014 16.0 0.0015 
23 
TABLE II (Continued) 
p=-.2 p=-.4 p=-.6 
V1 S1 V1 S1 V1 gf 
1.0 0.0000 1.0 0.0000 1.0 0.0000 
2.0 0.0001 2.0 0.0001 2.0 0.0000 
3.0 0.0017 3.0 0.0019 3.0 0.0021 
4.o 0.0058 4.0 0.0063 4.0 0.0069 
5.0 0.0166 5.0 0.0175 5.0 0.0182 
6.0. 0.0406 6.0 0.0415 6.0 0.0423 
1.0 0.0622 7.0 0.0826 7;0 0.0829 
a.o 0.1355 8.0 0.1347 8.0 0.1336 
9.0 0.1795 9.0 o. 1781 9.0 0.1759 
10.0 0.1905 10.0 0.1903 1 o.o 0.1927 
11.0 0.1587 11.0 0.1574 11. 0 0.1539 
12.0 0.1024 12.0 0.1005 12.0 0.0968 
13.0 0.0518 13.0 0.0521 13 .. 0 0.0546 
14.0 0.0209 14.o 0.0225 14.0 0.0257 
15.0 0.0068 15.0 0.0078 15.0 0.0089 
16.0 0.0018 16.0 0.0021 16.0 0.0022 
p=-.8 p:-.9 
v, g1 V1 s, 
1 .. o 0.0000 1.0 0.0000 
2.0 0.0000 2.0 0.0000 
3.0 0.0023 3.0 0.0023 
4.0 0 •. 0073 4.0 0.0076 
s.o 0.0190 5.0 0.0191 
6.0 0.0432 6 .. o 0.0437 
7.0 0.0816 7.0 0.0740 
8.0 0 .. 1340 e.o 0.1408 
9.0 0.1693 9.0 0.1523 
1 o.o 0.2079 10.0 0.2402 
11.0 0.1390 11 .o 0.1204 
12.0 0.0896 12.0 0.0774 
13.0 0.0626 13.0 0.0769 
14.0 0.0319 14.0 0.0361 
15.0 0.0083 15.0 0.0045 
16.0 0.0016 16.0 0.0017 
24 
TABLE II {Continued) 
(f) '1'1=-1 o, P.2=3, '1=2, "2=1 
p=+.9 p=+.8 p:::+. 6 
V1 31 V1 61 v1 S1 
-1. 7 0.0051 -1. 7 0.0043 -1. 7 0.0030 
-1 .6 0.0069 -1.6 0.0060 -1.6 0.0043 
-1.5 0.0096 -1.5 0.0084 -1.5 0.0060 
-1.4 0.0135 -1.4 0.0118 -1.4 0.0087 
-1.3 0.0193 -1 .3 o.011e -1.3 0.0128 
-1 .·2 0.0282 -1.2 0.0252 -1.2 0.0192 
-1.1 o.0426 -1.1 0.0384 -1 .1 0.0300 
-1.0 o.0666 -1.0 0.0608 -1.0 0.0489 
-0.9 0.1076 -0.9 0.0998 -0.9 0.0831 
-o.a o.1e12 -o.s 0.1705 -o.8 0.1478 
-0.1 0.3138 -0,7 0.3017 -0.7 0.2739 
-o.6 0.5598 · -0.6 0.5494 -0.6 0.5256 
-0.·5 o. 9955 -0.5 0.9996 -o.s 1.0048 
-o.4 1.6854 -0.4 1. 7172 -o.4 1.7985 
-0.3 2.4255 -0.3 2.4836 -0.3 2.6179 
-0.2 2.4310 -0.2 2.4273 -0.2 2.4450 
-0.1 1 .0277 -0.1 0.9951 -0.1 0.8983 
o.o 0.0683 o.o 0.0658 o.o 0.0603 
0.1 0.0000 0.1 0.0001 0.1 0.0003 
0.2 0.0000 0.2 0.0000 0.2 0.0000 
0.3 0.0000 0.3 0.0000 0.3 0.0000 
p=+.4 p::+.2 P=O 
V1 S1 Vt S1 V1 St 
-t.7 0.0019 -1. 7 0.0011 
-1. 7 0.0005 
-1.6 0.0028 -1 .6 0.0016 




-1.4 0.0059 -1 .4 0.0037 
-1.4 0.0019 
-1.3 0.0089 -1.3 0.0056 
-1.3 0.0031 
-1 .2 0.0137 -1 .2 0.0089 
-1.2 0.0050 
-1 .1 0.0220 -1.1 0~0147 
-1.1 0.0086 




-o.8 0.1224 -0.8 0.0945 
-0.8 0.0657 
-0.7 0.2410 -0.1 0.2004 
-0.7 0.1529 
-0.6 o.4900 -o.6 o.4444 
-o.6 0.3801 
-0.5 1 .0001 -0.5 0.9876 
-0.5 0.9519 
-0.4 1 .8835 -o.4 1.9895 -o.4 2.1071 
-0.3 2.7951 -0.3 2.9995 
-0.3 3.2358 
-0.2 2.4567 -0.2 2.4262 
-0.2 2.3994 
-0.1 0.7968 -0.1 0.7016 
-0.1 0.5934 
o.o 0.0551 o.o 0.0497 o.o 0.0444 
0.1 0.0005 0.1 0.0010 0.1 0.0015 0.2 0.0000 0.2 0.0000 0.2 0.0000 0.3 0.0000 0.3 0.0000 P~3 0.0000 
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TABLE II (Continued) 
2. s2 (v1 IR) 
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TABLE II {Continued) 
p=-.4 p=-.6 
V2 g2 V2 82 
o.o 0.0003 o.o 0.0002 
o.3 0.0076 0.3 0.0089 
o.6 0.0668 o.6 0.0864 
o.9 0.2643 0.9 0.3208 
1.2 0.5799 1.2 o.6421 
1 .s 0.8157 1.5 o.8355 
1.8 0.7998 1.8 0.7693 
2 .1 0.5440 2.1 o.4895 
2.4 0.2223 2.4 0-.1691 
2.7 0.0398 2.7 0.0178 
3.0 0.0020 3.0 0.0003 
3.3 o.oaoo 3.3 0.0000 
3.6 0.0000 3.6 0.0000 
3.9 0.0000 3.9 0.0000 
p=-.8 P=-.9 
v2 82 V2 g2 
o.o 0.0033 o.o 0.0000 
0.3 0.0098 0.3 0.0097 
o.6 0.1088 o.6 0.1210 
0.9 0.3748 0.9 0.3999 1.2 0.6917 1 .2 o. 7114 
1 .5 o.8416 1.5 o.8411 
1.8 0.7370 1.8 d.7214 
2.1 o.4466 2.1 o.4a89 
2.4 0.1224 2.4 0.0988 
2.7 0.0037 2.7 0.0004 
3.0 0.0000 :;.o 0.0000 
3.3 0.0000 3.3 0.0000 
3.6 0.0000 3.6 0.0000 
3.9 0.0000 3.9 0.0000 
30 
TABLE II (Cont1nue,d) 
(c) 
~=10, "2=1 o, v1=1, 0-2=1 
p=+.9 p=+.8 p=+.6 
V2 ~ V2 S2 v2 132 
o.8 0.0000 a.a 0.0003 a.a 0.0263 
0.9 0.0014 0.9 0.0680 0.9 o.4435 
1.0 o.6234 1.0 1 .5298 1.0 2.0297 
1 • 1 6.0147 1 • 1 4.4963 1 • 1 3.2709 
1.2 3.0236 1.2 2.9385 1.2 2.4688 
1.3 0.3421 1.3 0.7926 1.3 1.1585 
1 .4 0.0259 1.4 0.1437 1.4 o.4112 
1.5 0.0022 1.5 0.0239 1.5 0.1294 
1.6 0.0003 1.6 0.0043 1.6 o.e396 
1.7 0.0000 1.7 0.0009 1.7 0.0127 
1.8 0.0000 1.8 0.0002 1.8 0.0044 
1.9 0.0000 1.9 0.0001 1.9 0.0016 
2.0 0.0000 2.0 0.0000 2.0 0.0007 
p=+.4 p=+.2 P=O 
V2 132 V2 S2 V2 82 
0.2 0.0000 0.2 0.0000 0.2 0.0000 
0.5 0.0000 0.5 o;oooo 0.5 0.0001 a.a 0.1161 a.a 0.2378 a.a 0.3606 
1 • 1 2.6841 1 • 1 2.3368 1 • 1 2.-1007 1.4 0.5795 J.4 o.6686 1 .4 0.7160 
1.7 0,0399 1. 7 0.0749 1.7 0.1108 
2.0 0.0035, 2.0 0.0092 2.0 0.0176 
2.3 0.0005 2.3 0.0016 2.3 0.0036 2.6 0.0001 2.6 0.0004 2.6 0.0010 2.9 0.0000 2.9 0.0001 2.9 0.0003 
3.2 0.0000 3.2 0.0000 3.2 0.0001 
3.5 0.0000 3.5 0.0000 3.5 0.0000 3.8 0.0000 3.8 0.0000 3.8 0.0000 
31 
TABLE II (Continued) 
.. 
P=-.2 p=-.4 p=-.6 
V2 82 V2 82 v2 82 
0.2 0.0000 0.2 0.0000 0.2 0.0000 
0.5 0.0003 0.5 0.0008 0.5 0.0020 
o.a o.4111 o.a 0.5641 o.8 o.6335 
1.1 1 .9226 1 • 1 1.7794 1 • 1 1 .6727 
1 .4 0.7400 1.4 0.7465 1.4 0.7489 
1.7 0.1439 1. 7 0.1728 1.7 0.1980 
2.0 0.0277 2.0 0.0388 2.0 0.0501 
2.3 0.0066 2 .:3 0.0103 2.3 0.0146 
2.6 0.0020 2.6 0.0033 2.6 0.0050 
2.9 0.0007 2.9 0.0012 2.9 0.0019 
3.2 0.0002 3.2 0.0004 3.2 0.0007 
3.5 0.0000 3.5 0.0000 3.5 0.0001 
3.8 0.0000 3.8 0.0000 :;.a 0.0000 
P=-.8 p=-.9 
V2 82 V2 62 
0.2 0.0000 0.2 0.0000 
o.s 0.0041 0.5 0.0055 
o.8 o.6943 o.8 0.7212 
1 • 1 1 .5737 1 • 1 1 .5359 
1.4 0.7446 ,1 .4 0.7441 
1.7 0.2189 1.7 0.2271 
2.0 0.0613 2.0 0.0668 
2.3 0.0193 2.3 0.0217 
2.6 0.0070 2.6 0.0081 
2.9 0.0028 2.9 0.0033 
3.2 0.0010 3.2 0.0013 
3.5 0.0001 3.5 0.0002 
3.8 0.0000 3.8 0.0000 
32 
TABLE II {Continued) 
(d) JLt =3, "2=3, «r1 =1' --2=1 
• p=+.9 p=+.8 p=+.6 
V2 62 V2 S2 v2 62 
f 
-0.6 0.0051 -0.6 0.0035 -o.6 0.0018 
-0.3 0.0072 -0.3 0.0063 -0.3 0.0051 
o.o .0.0074 o.o 0.0111 o.o 0.0177 
o.3 0.0076 0.3 0.0270 0.3 0.0870 
o.6 0.0178 o.6 0, 1263 o.6 o .• 4420 
0.9 0.2063 0.9 0.7308 0.9 1.0974 
1 .2 l.4847 1.2 1.3756 1.2 1.0400 
1.5 1.2442 1.5 0.8115 1.5 0.5002 
1 .a 0.3384 1.8 0.2180 1.8 0.1286 
2 •. 1 0.0221 2.1 0.0193 2 .1 0.0126 
2.4 0.0001 2.4 0.0002 2.4 0.0002 
2.7 0.0000 2.7 0.0000 2.7 0.0000 
p=+.4 p=+.2 p=O 
V2 62 v2 62 V2 g2 
-0.6 0.0009 -o.6 0.0004 -o.6 0.0001 
-0.3 0.0040 -0.3 0.0028 -0.3 0.0018 
o.o 0.0242 o.o 0.0307 o.o 0.0371 
0.3 0.1672 0.3 0.2590 0.3 0.3552 
o.6 o.6964 o.6 o.e654 o.6 0.9722 
0.9 1.1276 0.9 1 .0874 0.9. 1. 0341 
1.2 o.8445 1.2 0.7212 1.2 0.6352 
1.5 0,3712 1.5 0.2972 1.5 0.2473 
1.8 0.0891 1.8 0.0650 1.8 0.0478 
2. 1 0.0080 2 .1 0.0049 2.1 0.0027 
2.4 0.0001 2.4 0.0001 2.4 0.0000 
2.7 0.0000 2.7 0.0000 2.7 0.0000 
33 
TABLE II (Continued) 
p=-.2 P=-.4 p=-.6 
V2 S2 V2 g2 V2 g2 
-o.6 0.0000 -o.6 0.0000 -0.6 0.0000 
-0.3 0.0010 -0.3 0.0004 -0.3 0.0001 
o.o 0.0435 o.o 0.0498 o.o 0.0557, 
0.3 o.4511 0.3 0.5432 0.3 o.6312 
o.6 1. 0391 o.6 1 .0794 o.6 1. 1018 
0.9 0.9819 0.9 0.9340 0.9 0.8921 
1.2 0.5719 1.2 0.5232 1.2 o.4850 
1.5 0.2101 1.5 0.1804 1.5 0.1553 
1.8 0.0341 1.8 0.0226 1.8 0.0125 
2.1 0.0012 2 .1 0.0004 2.1 0.0001 
2.4 0.0000 2.4 0.0000 2.4 0.0000 
2.7 0.0000 2.7 0.0000 2.7 0.0000 
' 
p=-.8 p=-.9 
v2 g2 v2 g2 
-o.6 0.0000 -o.6 0.0000 
-0.3 0.0000 -0.3 0.0000 
o.o 0.0619 o.o 0.0653 
o.:; o. 7117 0.3 0.7501 
o.6 1.1133 o.6 1 .1147 
0.9 0.8537 0.9 o.8363 
1.2 o.4546 1.2 o.4415 
1.5 0.1335 1.5 0.1243 
1.8 0.0038 1.8 0.0007 
2. 1 0.0000 2.1 0.0000 
2.4 0.0000 2.4 0.0000 
2.7 0.0000 2.7 0.0000 
34 
II ( inued) 
Ji-1=10 =3, J cr2= 
p=+. p:::+. 8 p-+.6 
v2 -r '2 '2 
o.o -0 o.oo -0. .ooo 
• o.o -0.3 ~00 3 f". 3 -s....,,,1" o. 
-Oo2 .0012 .2 .0009 - .2 o. 
-0. 1 0.0042 • 1 .0040 • 1 0.0034 
o.o 0 0.02 o. .028 
0.1 0 0 .. 18 o. .2772 
• L2 o. 1. _, 0.2 1 • ~(:)1-~ 
0.3 .d490 0.3 . 039 0.3 4. 
o.4 1 • ~5256 o.4 r:; i..) l- 6 L 32 o.4 2.50~4 
o.o 0.09 o. .4153 
o.o 0 o.oo o. .0689 
• 0 0 o. 0.00 0.7 o. 1 1 
o.8 0.0000 o.8 0.0000 o.8 o. 
0.9 0.0000 .9 0.0000 .9 O. OOC/ 
o. ,1 o.oo 1 • .0004 
o. 1 o.oo 1 • .ooo~ 
o. 1 • o.oo 1. .0001 
L3 0.0000 .3 0.0000 1.3 0 
L4 .0000 1 • 4 0.0000 1.4 o. 
o. 1 o.oo 1 • .0000 
o. 1 o.oo 1 • .0000 
o. 1 o.oo 1 • .0000 
L8 .0000 1 • 8 .0000 1.8 o. 
1 • 9 .0000 1 • 9 .0000 1.9 o. 
o. 2 o.oo 2. .0000 
o. 2 o.oo 2. .0000 
o. 2 o.oo 2. .0000 
2.3 0.0000 2$3 0.0000 2.3 0.0000 
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TABLE II (Continued) 
.. 
p=+.4 fJ=+.2 p=O 
V2 g2 v2 g2 V2 82 
-o.4 0.0000 -o.4 0.0000 -0.4 0.0000 
-0.3 0.0000 -0.3 0.0000 
-0.3 0.0000 
-0.2 0.0003 -0.2 0.0001 
-0.2 0.0000 
-o. t 0.0028 -0.1 0.0021 
-0.1 0.0015 
o.o 0.0337 o.o 0.0390 o.o 0.0443 
0.1 0.3789 0.1 o.4860 0.1 0.5908 
0.2 2.1919 0.2 2.3239 0.2 2.3935 
0.3 3.9733 0,3 3.5670 0.3 3.2351 
o.4 2.3931 0.4 2.2383 o.4 2.1071 
0.5 0.7357 0.5 o.aao5 0.5 0.9519 
o.6 0.1855 o.6 0.2943 o.6 0.3801 
0.7 0.0495 0.7 0.1007 0.7 0.1529 
o.a 0.0156 o.8 0.0380 a.a 0.0657 
0.9 0.0058 0.9 0.0162 0.9 0.0307 
1.0 0,.0026 1.0 0.0077 1.0 0.0156 
1 • 1 0,.0013 1 • 1 0.0040 1 • 1 0.0086 
1 .2 0.0007 1 .2 o.ooa2 1.2 0.0050 
1 .3 0.0004 1.3 0.0013 1.3 0.0031 1.4 0.0002 1.4 0.0008 1.4 0.0019 
1.5 0.0001 r.5 0.0005 1.5 0.0013 
1 .6 0.0001 1 • 6 0.0003 1.6 0.0008 
1.7 0.0000 1,7 0.0002 1. 7 o.ooos 1.8 0.0000 1.8 0.0001 1.8 0.0003 
1.9 0.0000 1.9 0.0001 1.9 0.0002 
2.0 0.0000 2.0 0.0000 2.0 0.0001 
2 .1 0.0000 2.1 0.0000 2.1 0.0000 
2.2 0.0000 2.2 0.0000 2.2 0.0000 
2.3 0.0000 2.3 0.0000 2.3 0.0000 
6 
TABLE TT J_~ ( ont:Lnued) 
p:::- • 2 p=-(1; .6 
v2 ' 2 2 gr) ,:, .. r.:._ 




.3 .0000 -0. 0.0000 -0. 0.0000 
2 0 0000 .2 o. 00 
-
2 00 
-0. 0 01 • 1 0 ., 05 
-
• 1 .oo 
O. 0 o. Ol~;2 0.0 c 05-:i,; o .. o 0.0556 J" ·-· -
0. 0 96 .1 o. 01 l 89 
• 2 .4:?24 o • 45r- 0.2 2. 4l~49 --· '') fl _).,.,' 
3 9994 0 .,, • ;1 • 51 3 61 0 1 89 • 4 1 • 35 .4 .79 
O. 5 o. 98'(6 0 '[ e .,.,) ·1 . 0001 o. :5 1 .0048 
0 0 44 ·.6 o. 00 6 52 
0.7 .2 o. . 24 o. Oe2739 
8 O~e!J.5 o. .1 14 
0 0 47 • 9 o . 55 .9 .08 
.o o. 0~? 1:;7 1 .o 0.0370 1 oO 0.02+89 
1 0 14 .. 1 o. 20 1 03 
1 • o. 08.., 1 . o. 01 1 • o.o 92 
.3 • 00:56 1 ·· . .ooc9 1 3 01 8 . . 
1 0 !03 • 4 o. 59 4 .oo 
.5 o. 00'.)5 1 r::: • OOh 1 1 r•~ 0.0060 'Ii _) . :) 
I 0 01 .6 o. 28 6 00 
1 . o. 01 o. 1 1 . 0.0030 
.8 .0007 1 . .oo 1 0 0021 
1 00 .9 o. 09 9 00 
.o o.ooc2 2 r·, . ooor:) 2. 0.0009 u 
2 00 . • 1 o • 03 1 00 
2. • 00 .2 o. 01 2. 0.0003 
n•3 o.ooco 2. 0.0001 2 0 0001 
II ( inued) 
p= p=-. 
52 V2 g2 
o.4 00 4 0 0 
0.3 .00 3 0 0 
0 2 0 00 o2 o. 0 
-
0 0.0000 -0. 0.0000 
o. o. 051+3 o.o o. 0501~ 
0.1 41 1 1 7 
0.2 73 2 2 0 
0.3 0 36 .3 2. 5 
o. 1 • 71 o. 1 • 685'1~ 
._, o. 99~;,6 0.5 o. 995:5 
o.6 94 6 0 8 
0.7 17 7 0 8 
o.a 05 .8 o. 2 
0809~£:; o. • 1076 
• 0.06 1 • 0 0.0666 
1 • 1 84 1 0 6 
1.2 52 2 0 2 
1.3 70 3 0 3 
0. 01 i L 1 • .013:,, 
0 o. oorv:. 1 ,.: Oj .0096 
1 • 60 6 0 9 1.7 43 7 0 1 
1.8 131 8 0 7 
Oo 00:l 1 • - o. 002:s 
o .. oo 2., • 001 
• 0 0009 1 0 2 2.2 ·05 2 0 6 
2.3 02 3 0 2 
8 
IIB II Oo in d) 
) P.1 =-1 JJ. ···3 2·· 
' 
11" -1 
p::::+. 9 p=+. p•::: .6 
V2 v2 
-1 0 00 a. 0 00 -1 0 .o 
- 7.0 0.0004 -17.0 .0003 17. 0.0004 
-16 0 00 6. 0 01 -1 0 .o 
-1 .o .oo 5. o. 08..> -1 .o .o 9 
4. Oe0361 -1 .o o.o::s19 4. 0.0257 
-1 0 07 3. 0 62 -1 0 .o 
2. 0.0774 -1 • o • 08'' 6 2 • 0.0968 
-
1 o. 04 l ! .o 0 39 -1 0 • 1 
-1 0 .24 0. o. 07.,, -1 ·• 0 • 1 ., 
9. o. 1 :j23 .o • 1 6< 3 9. 0.1759 
0 .14 a. 0 34 0 • 1 
- 7. o. 0'/40 - 7'. 0 • O[i 6 - 7. 0.0829 
~, 6 o.ol':37 .o O' -·2 L}-;..> 
-
6 0 .o 
0 .01 5. 0 19 .o .01 
-· 4. 0.0076 - Li-. 0 0.0073 - 4.0 o.oo6s 
Q .oo 3. 0 02 0 .o 
2.0 0.0000 
-
2.0 .0000 2~ 0.0000 
p .4 =+. =0 
g~. 2 2 
-1 0 • oo 8 • 0 00 -1 0 .o 0 
7. o. 004 -17.0 .0004 17. 0.0003 
-1 0 • oo 6 • 0 01 -1 0 .o . 
-1 .o .oo -1 .o • 0068 
- 5. 0.0062 
1 4. o. ' 125 -1 .o 0:209 4 o. -
-
-1 0 .05 3. 0 51 -1 0 .o: 
1 2. o. cos -1 .o • 1 1 2. o. 036 
-1 0 • 15 1 • 0 58 -1 0 • 1 
-1 .o • 19 o . o. ,:io5 o. O. I 922 
9. o. '/81 .o 0 17 c5 0 0 • 181 • <: ,,,;,I· 
() 
- • 1-:i; • I A "'• I "J:r=:;J o. - 0 · Jo5 \,I 
.o • 08~!6 - 7. 0. 082~) 
-
7.0 . 
• o • 0415 0 .o 6 6 • 0 397 5. o. 75 .o .o 6 
-
5.0 .01:;'.: 
1:. O oo··· 4.0 o. 005r; 
-
• i~) :.> 0 0 0053 
3. o. 19 0 .o 7 3. 0 15 
-
2.0 . ooc 0 /"' . 0.0001 r,, n 0.0002 r: ... • V' ,:'.. ,.,• 
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TABLE II {Continued) 
. p=-.2 p=-.4 p=-.6 
V2 62 v2 62 V2 62 
-18.0 0.0000 -18.0 0.0000 -18.0 0.0000 
-17.0 0.0003 -17.0 0.0003 -17.0 0.0003 
-16.0 0.0014 -16.0 0.0015 -16.0 0.0017 
-15.0 0.0061 -15.0 0.0065 -15.0 0.0069 
-14.o 0.0204 -14.0 0.0212 -14.o 0.0222 
-13.0 0.0524 -13.0 0.0538 -13.0 0.0558 
-12.0 0.1043 -12.0 o. 1061 -12.0 0.1095 
-11. 0 0.1609 -11. 0 0.1633 -11 .o 0.1679 
-10.0 0.1938 -10.0 0.1967 -10.0 0.2015 
- 9.0 0.1834 - 9.0 0.1860 - 9.0 0.1895 
- 8.0 0.1373 - a.o 0.1385 - 8.o 0.1398 
- 7.0 0.0815 - 7.0 0.0812 - 7.0 0.0808 
- 6.0 0.0387 - 6.0 0.0377 - 6.0 0.0366 
- 5.0 0.0149 - 5.0 0.0139 - 5.0 0.0130 
- 4.0 0.0047 - 4.o 0.0042 - 4.o 0.0036 
- 3.0 0.0013 - 3.0 0.0010 - 3~0 0.0008 
- 2.0 0.0002 - 2.0 0.0002 - 2.0 0.0001 
p=-.8 P=-.9 
v2 62 V2 62 
-18.0 0.0000 -18.0 0.0000 
-17.0 0.0002 
-17.0 0.0001 
-16.0 0.0013 -16.o 0.0007 
-15.0 0.0059 -15.0 0.0033 
-14.o 0.0207 
-14.0 0.0133 
-13.0 0.0559 -13.0 0.0434 
-12.0 0.1148 -12.0 0.1072 
-11.0 0.1804 -11 .o 0.1928 
-10.0 0.2173 -10.0 0.2476 
- 9.0 0.2015 
- 9.0 0.2286 
- 8.0 0.1446 
- a.o 0.1554 
- 7.0 0.0810 
- 1.0 0.0808 
- 6.0 0.0354 
- 6.o 0.0339 
- s.o 0.0120 
- 5.0 0.0114 
- 4.0 0.0031 
- 4.o 0.0028 
- 3.0 0.0006 - 3.0 0.0005 
- 2.0 0.0001 
- 2.0 0.0000 
40 
TABLE III 
SOME VALUES OF THE MEAN, VARIANCE, Y 2 AND 12 OF 
g1{v1) AND g2 (v2 ) FOR VARIOUS 
VALUES OF THE PARAMETERS 
ff.1 , ff.2, "1 ' ,,. 2' AND P 
V1 
-
2 Y1 '12 p V1 ff V 
+.9 o.8545 0.1024 -1.48 0.81 
+.8 0.7631 0.0978 -0.53 3.42 
+.6 0.7612 0.1890 o.48 2.10 
+.4 0.8046 0.2828 0.55 1.13 
+.2 o.8531 0.3693 0.51 0.69 
0 0.9004 o.4484 o.46 o.41 
-.2 0.9476 0.5204 o.4o 0.22 
-.4 0.9990 0.5853 0.36 0.12 
-.6 1 .0620 o.6339 0.32 0.09 
-.8 1.1582 o.6375 0.35 0.17 
-.9 1 .2371 0.5957 o.48 0.24 
(b) ..,=3, f'2=10, "1=1, ""2=2 
V1 
p 
+.4 3.8036 0.5545 -0.82 -0.18 
+.2 3.617e o.4664 -0.01 0.05 
o 2.6128 o.4678 0,29 0.16 
-.2 3.6483 o.4822 o.44 0.20 
-.4 3.6958 o.4999 0.54 0.21 
-.6 3.7467 0.5187 0.61 0.20 
-.8- 3.7965 0.5371 o.68 0.18 
-.9 3,8245 o.5479 o.68 0.14 
V2 
-
2 Y1 Y2 v2 er V 
-1.2275 0.6115 -o.43 0.19 
-1 • 1521 o.6469 -0.32 0.14 
-1.0599 o.6343 -0.32 0.07 
-0.9976 0.5856 -0.36 0.06 
..,0.9451 0.5258 -0.41 0.12 
-0.8939 o.4580 -0.45 0.19 
-0.8398 0.3863 -0.50 0.36 
-0.7770 0.3081 -0.54 0.53 
-0.6939 0.2250 -o.63 0.80 
-0.5463 0,1294 -1.04 1.70 
-0.4441 0.0640 -1.19 4.09 
2.2136 0.2913 -1.02 0.19 
1.9312 0.2361 -0.38 -0.08 
1.7926 0.2190 -0.18 -0.18 
1.6999 0.2088 -0.11 -0.26 
1.6284 0.2009 -0.09 -0.34 
1.5710 0.1945 -0.09 -0.44 
1.5233 0.1896 -0.12 -0.54 
1.5029 0.1866 -0.11 -0.63 
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TABLE III (Continued) 















9.7678 1.8673 -1.37 -0.35 
9.1439 1.1824 -0.76 0.15 
8.8841 1.1589 -0.15 0.15 
8.8604 1.2269 -0.11 0.07 
8.8242 1.2939 -0.06 o.~5 
8.8480 1.3617 -0.15 0.17 
8.8230 1.4273 -0.13 0.20 
8.8700 1.5021 -0.26 0.23 
8.8978 1.5808 -0.33 0.29 
8.8992 1.6401 -0.37 0.27 
8.5413 1.6100 0.38 0.24 
(d) .,.1 =3, tt2=3, .. 1 =1, er 2=1 
V1 
p .-; Y1 
+.9 2.8671 o.4837 0.21 0.72 
·+.8 2.8179 0.5282 0.31 o.42 
+.6 2.8475 0.5703 0.38 0.23 
+.4 2.9104 0.5993 o.43 ·o~ 17 
+.2 2.9761 o.6246 o.47 0.12 
o 3_0398 o.64e5 o.49 0.06 
-.2 3.0985 0.6712 0.51 0.02 
-.4 3.1546 o.6942 0.52 -0.02 
-.6 3.2.095 0.7184 0~52 -0.07 
-.8 3.2604 0.7459 0.50 -0.11 
-.9 3.2796 0.7578 0.50 ~0.09 
V2 
- 2 y y 
v2 .,.v 1 2 
1.2280 0.0158 -1.08 -1.63 
1.1610 0.0088 -0.14 0.57 
1.1396 0.0169 o.67 1.29 
1.3909 0.1009 -0.95 -1.93 
1.3099 0.0609 -0.77 -1.05 
1.2691 0.0548 -0.28 0.38 
1.2456 0.0582 0.23 1.63 
1.2282 0.0646 o.65 2.54 
1.2209 0.0733 0.93 3.17 
1.2116 0.0820 1.16 3.51 
1.2109 0.0870 1.23 3.68 
1.3194 0.0730 -o.ao s.54 
1.1924 0.1056 -0.21 1.20 
1 .0645 o. 1208 -o. 09 o. 43 
0.9733 0.1257 0.05 0.23 
0.9050 o.1as1 0.15 0.05 
0.8516 0.1302 0.21 -0.12 
o.aoaa 0.1304 0.25 -0.26 
0.7732 0.1'295 0.28 -0.37 
o.7433 o.1a78 0.29 -0.47 
0.7169 0.1252 0.30 -0.55 
0.7056 0.1241 0.31 -0.59 
TABLE III 
(e) v,=1 o, J'2=3, '"1 =2' tr2=1 
V1 
-
2 11 '12 9 V1 ff V 
+.9 10.8295 5.2697 -1.28 -0.34 
+.8 10.4776 4.6695 -0.96 -0.24 
+.6 10.0231 4.2473 -o.44 -0.14 
+.4 9.8111 4.1614 -0.21 -0.09 
+.2 9.6,803 4.1567 -0.08 -0.05 
0 9.6361 4.2108 -0.06 -0.04 
-.2 9.5947 4.2872 o.oo -0.02 
-.4 9.5952 4.4015 o.oo -0.01 
-.6 9.6067 4.5479 0.01 -0.02 
-.8 9.5348 4.7049 0.13 -0.08 
-.9 9.3561 4.7842 0.38 -0.13 
(f') f'1=10, ~=3, v 1=2, cr2=1 
V1 
- 2 y 
P V1 "v 1 y 2 
+.9 -0.3519 o.0432 -1 .69 
+.8 -0.3491 0.0409 -1.68 
+.6 -0.3448 0.0362 -1.63 
+.4 -0.3397 0.0314 -1.56 
+.2 -0.3340 0.0266 -1.46 
o -0.3276 o."O-a1e -1 .30 
-.2 -0.3208 0.0173 -1.06 
-~4 -0.3126 0.0131 -0.76 
-.6 -0.3036 0.0094 -0.37 
-.8 -0.2849 0.0067 -0.44 
















2 Y1 Y2 V2 fry 
0.3336 0.0043 -2.02 11.00 
0.3232 0.0048 ~1.31 4.00 
0.3188 0.0080 0.02 2.33 
0.3201 0.0120 0.70 3.29 
0.3254 0.0165 1 .10 4.70 
0.3295 0.0214 1.39 5.71 
0.3348 0.0267 1.58 6.27 
0.3395 0.0322 1.75 6.96 
0.3441 0.0380 1.84 6.93 
0.3492 0.0439 1. 91 7.06 
0.3519 0.0467 1.94 7.03 
- 9.3743 4.8281 -0.39 -0.08 
- 9.5507 4.'7476 -0.14 -0.03 
- 9.628f 4.6073 -0.02 0.03 
- 9.6161 4.4597 -0.01 o.06 
- 9.6139 4.3414 -0.01 0.05 
- 9.6509 4.2522 o.o4 0.02 
- 9.6945 4.1971 0.07 o.oo 
- 9.8259 4.2045 0.20 -0.03 
-10.0:;89 4.2963 o.42 -0.10 
•10.4691 4.7120 0.95 -0.23 
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